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Abstract: The internal structure of concrete is a three-phase material, namely matrix, aggregate, and the
interface between them. Concrete, as a widely used material in engineering, its macroscopic mechanical
properties and fracture characteristics are crucial for structural safety. Crack propagation is mainly caused
by stress concentration near the crack tip, and T-stress, as a constant term stress near the crack tip, plays
a decisive role in the crack propagation path. In this paper, the stress intensity factors of cracks near aggregate
are calculated by analytical numerical method. Firstly, the contact interface between aggregate and matrix is
defined as the spring layer contact interface, and then the analytical continuation method is used. Finally, an
approximate analytical solution for the influence of circular aggregates on the stress intensity factor at the
crack tip is obtained by calculation. The result show that the cohesive material and T-stress can influence the
fracture toughness and the crack tip stress. This provided the basis for simulation of concrete fracture.
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1. Introduction

As an important building material, concrete has a history of more than one hundred
years, and its mechanical properties are of great concern to scientific and engineering circles.
Concrete has long been regarded as a macroscopic homogeneous isotropic material, which
can meet engineering requirements in general. However, it is difficult to consider the meso-
composition and the complexity of the mechanical properties of concrete materials under this
macroscopic assumption [1,2]. Therefore, people have realized many advantages of studying
the macroscopic damage and fracture process of concrete from the meso-scale of concrete. The
combination of macro and micro research has become one of the main disciplines in recent years.
Chun and Zhang [3] combine a micro- testing machine with a scanning electron microscope to
reveal the secret of concrete crack propagation. Some scholars [4,5] argue that the fracture of
concrete is caused by various potential defects in the object system, and the fracture process is
the process of initiation, propagation, and penetration of microcracks until macroscopic cracks
lead to concrete fracture. How to study this complex mechanical problem has always been
a difficult and hot spot in the field of mechanics and material science. After the emergence of
fracture mechanics, academia set off an upsurge in using fracture mechanics to study concrete.
Some researchers [6—8] carried out a large number of fracture tests of concrete to obtain its
fracture toughness and other parameters. Concrete has long been regarded as a macroscopic
homogeneous isotropic material, which can meet engineering requirements in general. However,
it is difficult to consider the meso- composition and the complexity of the mechanical properties
of concrete materials under this macroscopic assumption. Therefore, people have realized
many advantages of studying the macroscopic damage and fracture process of concrete from
the meso-scale of concrete. The combination of macro and micro research has become one
of the main disciplines in recent years. Some researchers [9, 10] from the mesoscopic point
of view, concrete can be regarded as a three-phase composite with cement mortar as the base
phase and coarse aggregate and the bonding zone between the two as the dispersed phase.

In the research work on concrete fracture, some researchers [11, 12] participated in the path
selection of cracks under the influence of nearby aggregates, and proposed the judgment criteria
for the selection of crack propagation paths from theoretical and experimental perspectives.
However, the stress field at the crack tip is affected by nearby aggregates, and the crack will
reselect the propagation path and show a complex failure process [13]. Some experiments
have shown [14] that in addition to the stress intensity factor, the non- singular stress term
T-stress parallel to the crack surface can affect the crack development direction and the fracture
toughness of the material. Gupta [15] believes that T-stress has many effects on fracture in
various aspects. Jayadevan [16] carried out some experiments and found that T-stress affects
the size of plastic area. Chen [17] found that T-stress is related to the fracture toughness of the
material. Under the action of composite external load, Smith [18] studied the effect of T-stress
on the deflection or bifurcation of a straight crack. Shin [19] studied the effect of T-stress of
the main crack on the path stability of crack extension after deflection through perturbation
analysis. Zhao [20] conducted some four-point bending tests, and the experimental results
show that the introduction of T-stress is necessary to predict the initial fracture toughness of
concrete under I/I composite loads. Therefore, T-stress is introduced in this paper to perform
theoretical calculations on concrete fracture, providing a basis for simulating concrete fracture.
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2. Theoretical calculation

As shown in Fig. 1, the plane infinite plate contains a circular elastic particle. The round
particles are linear elastic and the contact layer and matrix are isotropic. The shear elastic
moduli are ug,u1, and uo, respectively. The inner contact surface and the outer contact surface
are represented by curves I'y (k = 0, 1) respectively.

For plane elastic problems, Stress and displacement can be expressed by two complex
potentials ¢(z) and ¥ (z).

20 (uy +iug) = e 9 [KSO(Z) - 2¢'(2) —W
(2.1) Opr +0gg =2 [‘,0,(Z)+m]
o —ioge = ¢'(2) + ¢’ (2) — ¥ [2¢” (2) + ¥/ (2)]

where:
z=x+iy=ré
k =3 —4v is plane strain,
u — shear modulus,

9 is complex polar coordinates,

v — Poisson’s ratio.
The resultant force on arc AB is as follows:
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Fig. 1. Schematic diagram of three-phase material with crack

- ___ 1B
(2.2) Fy+iFy = —1¢(z) +z2¢'(2) +¥(2) B

where: [f(*)]ﬁ = f(A) — f(B) is independent of the path.
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To simulate the characteristics of concrete, the contact interface between the round particles
and the contact layer (I'y curve) was defined in this paper due to the large difference between the
properties of the aggregate and bond interface layer. At the contact interface, the force is con-
tinuously transferred, but the displacement is discontinuous at the interface. There is a gradual
transition from the bonding layer in concrete to the cement mortar (i.e. the matrix), so the inter-
face between the bonding interface layer and the matrix is a complete bonding interface (i.e. I'|
curve). The force and displacement in the fully bonded interface are transmitted continuously.

Yan [21] proposes a model based on the requirement that the traction force is continuous
but the displacement is discontinuous when crossing the contact surface. The model assumes
interface parameters of the type of spring factor, according to which the jumping change of
displacement is proportional to the force at the interface. This contact interface model is often
referred to as "spring layer contact interface". This paper also defines the contact surface
between concrete aggregate, bond belt, and mortar as the spring layer contact interface.

The boundary conditions of the interface between circular particles and the contact layer in
the curve I'j:

(23) lov —iovoll =0, oy = mllupll = mu), 7o =nllugll —nuy, zeTy
Boundary conditions of the contact layer and the Matrix at curve I'y:
24 lorr —iovoll =0, lurll =0, llugll =0, z €T

In Eq. (2.3), there are two contact interface parameters, m and n (non-negative numbers and
constant along the interface). These parameters show the strength, hardness, and comprehensive
bonding degree of the material interface. Saeb [22] describes these parameters in terms of simple,
direct relational composition. According to Fig. 1, The parameters m and n are as follows:

Apopuy
Ry [po (k1 = 1) = 1 (k0 = 1)]
_ dpop [3 (k1 = 1) po — 2 (kopt1 + Ho)]
"~ Ro{[(ko+3) u1 + (k1 +3) po] (o — p1) + (ko1 + o) [(ko — 1) py — (k1 = 1) o] }

m =

(2.5)

n

The expression [|x|| = (*); — (*)g is the abrupt value when it crosses the interface curve
[;(k =0, 1). Especially " is the additional displacement, which is caused by the characteristic
strain {52, 53, s?cy} of the particle. For example, the additional displacement can be generated
when there is a temperature difference between the particle and the matrix. In Eq. (2.3), when
m = n = 0, it will become a stress free boundary condition. If m = n = oo, Eq. (2.3) will
become a fully bonded consolidation interface.

Zhou [23] has studied the displacement caused by characteristic strain. According to the
research results, the displacement caused by characteristic strain is expressed as follows:

. m+n . m-n .
(2.6) (mu(r) - znu%) =mRpe; + (&7 —ig3) 2+ RS (e2+1ie3),z€T
2R0 222
P
where: €] = , &) = ,E3 =&

2
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A simple method for solving circular boundary conditions is the series method. However,
for a crack with length 2/ in the region S», ¢;(z) and ¥ (z) cannot be analyzed outside the
curve I'[, so ¢)(z) and ¥ (z) cannot be expanded into standard Laurent series in the region
S». To overcome this difficulty, two new functions are introduced to represent and expand the
functions into the Laurent series by using analytical continuation method. Based on Eq. (2.2)
and the free boundary condition of crack surface, the following expression is obtained:

o £+ @@ + 85| =0, ze2
' 022+ |5 + 5| =0, ze

Subtract the two equations in Eq. (2.7):

(2.8) ¢2(2)" - |29 (2) +lﬁ_§(Z)]+ =(2) - [Z@(Z) +lﬁ_§(1)]_ . ze2l

Define the analysis function @(z) in the area S,

2.9) B(2) = 2(2) - [0 (0) + 752
Eq. (2.8) means that @(z) is continuous at the crack. Therefore, @(z) is analytic in the
region D. It expands into a Laurent series in the region D:

(2.10) &(z) = -Bz+ Z axz*, zeD
k=1

where: ax(k = 1,2,...) is an unknown complex coefficient.
Change the crack surface boundary condition Eq. (2.7) into the following form:

— — + _ _ -
@.11) |22+ 205@) +050)| + |20 + 255 () + (@) | =0
Define another new analysis function ¥ (z) in the region S»:

(z=a)(z-b) [
Z

2.12) V() = #2(2) + 23(2) + 3.(2) |

Eq. (2.11) and Eq. (2.12) show that the function ¥ (z) is continuous at the crack and analytic
in the region D. Therefore, in region d, it expands into the Laurent series:

(2.13) P(z) = (2A +§)z+2bk{k, zeD
k=1
where: by (k = 1,2,...) is an unknown complex coefficient.

Now, ¢3(z) and ¥, (z) are represented in terms of @(z) and ¥ (z):

02(2) = ¥ (z2) N D(z)
(2.14) 2z-a)(z-b) 2
¥2(2) = 02(2) — 2¢5(2) — D(2)
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The complex potentials ¢ (z) and ¢ (z) are analyzed in the interface layer (i.e. S;) and
expanded into the standard Laurent series:

(o8]

(2.15) e1(z) = Z diZ*, wi(z) = Z exz

k=—00 k=—00

The complex potentials ¢ (z) and ¥o(z) are analyzed in the circular particles (i.e.Sp) and
expanded into the Taylor series:

(2.16) go(2) = > ik, wo(2) = ) et
k=0 k=0

where: dy, ex, fr and gx are unknown complex coefficients.

By using Eq. (2.14), Eq. (2.15), and Eq. (2.16), six complex potential series forms can be
obtained.

As shown in Fig. 1, the load is assumed to be uniaxial and perpendicular to the crack.
Therefore, it is a mode I fracture. To obtain the stress intensity factor in the matrix crack, the
following can be deduced from Eq. (2.1):

Tex = Re [¢(0) + 4,(2) - 205 () - 932 |
(2.17) Oxy =1Im [so’z(z) +@5(2) — 29y (2) - ¢§(Z)]

Tyy = Re [50) +94(2) + 5 (0) + 95|

By substituting the Eq. (2.14) into Eq. (2.17), the stress of mode I fracture at the point a is
obtained:

200 (3 . 6; 1 . _6; 1 < —(k+1
= Zsin— +—sin5—|[1- E kb (k+1)
Oxx o (8 sin > + g sin 5 ) [ a0 2, k+1a

+0(r1)

|
S

l o0
o] = kb —(k+1)
[ 200 ; k+1d

2a0® (5 . 6 1 . _6 1 —(k+l
=— Zsin— — —sin5— 11 - E kb (k+1)
Oyy 20 (8 Sin 2 ] sin 2 ) [ 2 - k+1d

(2.18)

+ 0(1’1)

:

+0(r1)

2a0® (1 6, 1 6, 1 < kel
= — — oS — — —cos5—| |1 - § kb (k+1)
Oxy T (8 cos 2 3 cos 7 ) l 2ao® Zs k+1d

where: z —a =r1e'% (0 < 6, < 2n).
When 61 = 0, the T-stress at point a can be obtained using the stress difference method:

. - 1 < —(k+1
(2.19) T = lim (s = ) = 0 Il S ;kbma (k1)

The content in the square brackets of Eq. (2.18) and Eq. (2.19) shows the effects of the stress
intensity factor and T-stress corresponding to spherical particles and the contact interface.
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3. Calculation and analysis of cohesion effect on fracture

In this paper, it is considered that the contact layer is isotropic and vertical, which is equal
to the tangential spring factor contact surface parameters(i.e. m = n). The contact surface
which has the same influence on the vertical direction and the tangent direction is called the

. . . mR . .
spring layer contact surface. Let’s set a dimensionless X = —0, which describes the degree

of interfacial bonding. When the X value is very small, the coﬁlltlact surface is very loose. When
the X value is very large, the contact surface approaches to the fully bonded interface. In this
paper, the Poisson ratios are assumed to be vy = v| = v, = 0.3. Their shear elastic moduli are
Mo,u1 and py respectively.

The crack point a is closer to the particle than point b and is more affected by the particle.
Therefore, this paper mainly studies the stress intensity and T-stress at point a.

According to the maximum circumferential stress fracture criterion

3.1) (00 ) max = (0.

According to the derivation of Zhou [24], we get

3
(3.2) V277 (0py),. = cos g Kycos? £ - FKising| + V27rT sin? @

2

T
Let K, = , /K% + K% , and introduce dimensionless: C = K—V27rr
e
Then Eq. (3.2) becomes:

V2nr (o X K 3K
(3.3) % :cos% [K—i coszg ~3 KI: sing| + Csin® ¢

Then Eq. (3.3) is the maximum circumferential stress fracture criterion after adding T-stress.

Taking the interface parameter X = 1 and the elastic modulus po : gy : up =4 :1:1
(i.e. the internal particle stiffness is large), the relationship between the stress at point a of
the crack and the T-stress and distance is obtained from Eq. (3.3) in Fig. 2. The parameter

V2rre (0g0). . N . .
————  of the coordinate axis in Fig. 2 describes the stress at point a, the parameter C
e

. . r . .
describes the magnitude of T-stress, and the parameter I describes the distance from the

1
V2rre (Tg9).,

K.
C axis directions, as the T-stress decreases, the circumferential stress oyg at the crack tip

V2rre (0g0).,
K,

crack point a to the particle. From Fig. 2, it can be seen that in the axis and

. . roo .
also decreases accordingly. In the axis and z axis directions, as the distance

e 1
increases, the circumferential stress 0gg at the crack tip sharply decreases.
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- L = 5 B
1. ”
05 1 ° /R,
Fig. 2. Variation of stress at crack point a with T-stress and distance when internal particle stiffness is
large

Take the interface parameter X = 1, change the elastic modulus of the particles pg : yg :
ur =025 : 1 : 1 (i.e. lower internal particle stiffness), and obtain Fig. 3 from Eq. (3.3).
Comparing Fig. 2 and Fig. 3, it can be seen that when the stiffness of the particles is changed,
the circumferential stress at the crack tip is also affected, and its value is slightly smaller
than the circumferential stress at the crack tip of the particles with large stiffness. Therefore,
compared with the case of particles with higher stiffness and particles with lower stiffness in
the matrix, particles with higher stiffness will make it easier for cracks to propagate. In the

V2rre (0pg). . o _ ,
— = axis and C axis directions, as the T-stress decreases, the circumferential stress
e
. . V2nre (0g0)..
O gg at the crack tip also decreases slightly. In the —x
e
as the distance increases, the circumferential stress ogg at the crack tip also sharply decreases.

. r . . .
axis and — axis directions,

25

C 05 _ 5 2
05 1 /R,
Fig. 3. Variation of stress at crack point a with T-stress and distance when internal particle stiffness is
small

Take the elastic modulus pg : ug : pup =1 :1: 1 (i.e. the stiffness is the same), increase the
V2rre (0g9).

interface parameter X = 10, and obtain Fig. 4 from Eq. (3.3). In the direction of z
e

. r . . . .
axis and — axis, the circumferential stress og¢ at the crack tip also decreases as the crack
1
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approaches the particle. This shows that the contact layer with high stiffness can restrain the
V27re (7g0),

K.
axis and C axis, with the decrease of T-stress, the circumferential stress oy at the crack tip

also decreases a little.

crack growth and reduce the stress intensity at the crack tip. In the direction of

Fig. 4. Variation of stress at crack point a with T-stress and distance when the stiffness of contact layer is
large

Take the elastic modulus ug : @1 @ o = 1 : 1 : 1 (i.e. the stiffness is the same),

reduce the interface parameter X = 0.1, and obtain Fig. 5 from Eq. (3.3). In the direction of

V2rre (T9),
Ke 1 . . . .

the crack approaches the particle. This shows that the contact layer with small stiffness can not

restrain the crack growth, and increases the stress intensity at the crack tip. In the direction of

V2rre (07p9).

K,
the crack tip also decreases a little.

. r . . . ..
axis and — axis, the circumferential stress ogg at the crack tip increases as

axis and C axis, with the decrease of T-stress, the circumferential stress ogg at

25

- Ty - 2
051 L r/R,
Fig. 5. Variation of stress at crack point a with T-stress and distance when the stiffness of the contact
layer is small
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4. Conclusions

In this paper, when conducting theoretical calculations on the fracture of three-phase
material concrete, the T-stress and stress strength factors at the crack tip were solved using
series expansion. The calculation results show that the properties of the cohesive and T-stress
affect the fracture toughness and the stress at the crack tip, which provides a basis for simulating
concrete fracture.

Based on this study, the following conclusions can be drawn:

1.

The inclusion of particles has a greater influence on the stress intensity factor near the
crack tip of aggregate, but has no significant effect on the far of the crack tip. On the
other hand, as the distance between cracks and particles increases, the stress effect of
particles on the crack tip decreases gradually.

. . mR . . . .
When the interfacial parameter X (X = —0), which describes the degree of interfacial

H
bonding) is small, the presence of particles with high stiffness in the matrix will make

the crack propagate more easily than the absence of particles. For the case of high
interfacial parameter value X, due to the shielding effect of the contact interface (spring
layer), although the particle stiffness is high, there is no significant influence on the
crack growth.

. When the particle stiffness is smaller than that of the surrounding material, the stress

intensity factor increases rapidly as the crack tip approaches the interfacial layer, which
makes the crack easy to propagate.

The contact layer with high stiffness has shielding effect, which reduces the stress
strength at the crack tip. When the stiffness of the contact layer is small, the stress
intensity factor will increase rapidly and the crack will develop easily when the crack tip
is close to the interface layer.

The calculation results in this paper show that T-stress has an influence on the circumferen-
tial stress at the crack tip. When the T-stress is negative, it can reduce the circumferential
stress at the crack tip, thereby increasing the fracture toughness. Zhao [20] proposed
that negative T-stress can enhance the fracture toughness of concrete. The calculation
results of this article are consistent with their experimental results.
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