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Research paper

Calculation method of stress and deformation of hinged
frame beams based on Winkler model

Benqian Wang1, Shibin Kang2, Peng Tan3, Guozeng Liu4

Abstract: Abstract: Based on Winkler foundation model, the mechanical model and coordinate system of
hinged prefabricated anchor frame beam were established in order to quantitatively study the mechanical
deformation characteristics of hinged prefabricated anchor beam. The mechanical model of hinged frame
beams is simplified to Winkler elastic foundation beams. First, the general solution of beam bottom
displacement is obtained by establishing the differential equation of beam deflection line, and then the
general solution for rotation angle, bending moment and shearing force of the beam is obtained according
to the relationship among beam bottom displacement, rotation angle, bending moment and shear force. The
motion equation for the beam is derived based on the boundary and continuity conditions of the hinged frame
beam. Then, the difference of structural characteristics between hinged frame beams and traditional frame
beams under different anchoring forces is compared. Finally, the influence of external factors (anchorage force,
foundation reaction coefficient) and internal factors (section size, cantilever length, hinged position) on the
stress and deformation characteristics of the frame beam is compared, and the influence law of various factors
is obtained by comparison, which provides a reference for the standardized design of the hinged frame beam.
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1. Introduction

In recent years, with the rapid development of infrastructure such as highways and railways,
there has been an increasing emphasis on landslide management in engineering, leading to the
emergence of various forms of retaining walls, anti-slip piles, anchor rods, and anchor cables as
support structures [1–5]. Due to its relatively mature technology, frame beams are widely used
in slope support engineering. In order to make the force of the frame beam more reasonable and
stable, the researchers have proposed combining the anchor and the frame beam. However this
construction method still presents numerous issues within frame beam technology, such as poor
support timeliness, difficulties in deformation coordination, high construction requirements,
and significant construction risks, which makes the frame beam still has many problems in the
application [6]. An hinged prefabricated anchor frame beam structure is proposed in “Guide to
Slope Anchoring with Articulated Assembled Frame Beams” [7]. In this structure, the frame
beams are composed of three parts, namely prefabricated transverse and longitudinal beams
and prefabricated cross beams, and the longitudinal beams are articulated with the cross beams.
Compared with the traditional frame beams, the hinged frame beams are able to better adapt to
the deformation of the slopes, which has been demonstrated the rationality of the hinged frame
beams by comparative studies [8–11].

In the calculation of internal force and deformation of anchor beam frame, the researchers
carried out research by Winkler elastic foundation model, two-parameter model, three-parameter
model and semi-infinite body foundation model, including [12–15]. Various beam theories
have been applied, such as Bernoulli-Euler and Timoshenko theory, etc. Many researchers have
discussed the analytical solution of internal forces of frame beams under the Bernoulli-Euler
and Timoshenko beam theories, including [16], but they lack the analytical calculation of
hinged beams. In the analysis of internal forces and deformation of beams, analytical method
and finite element method are widely used, including [17]. This paper also solves the internal
forces and deformation of frame beams by analytical method. Zhu et al. [18] formulated the
traditional frame beam as a finite transverse and longitudinal beam closely adhering to the slope
surface, based on the elastic assumption of the traditional frame beam and the deformation
coordination condition of the elastic foundation model, and solved to obtain the analytical
solutions of the deformation, bending moment and shear force of the traditional frame beam,
which revealed the interaction mechanism of the traditional frame beam and the rock body of
the slope. Han et al. [19] calculated the internal forces of conventional frame beam system by
inverted beam method, illustrating the internal force distribution of beams under pre-stressing
stage and limit state stage of conventional frame beams.

Based on the theory of Winkler elastic foundation beams, this paper obtains the special
solutions for the displacement, angle, beam moment and shear force of the beams by establishing
the differential equations for the beam deflection curves and combining them with the boundary
conditions in the practical application of hinged frame beams as well as the continuity
conditions at the hinged points. Afterwards, the above equations show the differences in the
force and deformation characteristics between hinged frame beams and traditional cast-in-place
frame beams; the influence of anchorage force and foundation reaction coefficient on the
force characteristics of hinged frame beams; and the influence of cross-section dimensions,
cantilever lengths and hinged positions on hinged frame beams.
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2. Calculation of internal force and deformation
of articulated assembled anchor frame beams

As shown in Fig. 1, the hinged anchor frame beam composed of simplified three-section
prefabricated beam structure is used as a representative, which serves as a unit in the hinged
frame beam system. This system consists of three prefabricated beams that can rotate vertically
at the connection points, viewed as hinge points. At these points, deflection and shear force
are continuous, while the bending moment is zero. The foundation action is simplified to
spring action, and the mechanical model is established as shown in Fig. 2. Taking the left
endpoint of the hinged anchor frame beam as the origin and the beam’s length direction as
the axis direction, a coordinate system is established. The coordinates of points 𝐴, 𝐵, 𝐶, 𝐷,
𝐸 , and 𝐹 from left to right are (0,0), (𝐿1,0), (𝑙1,0), (𝑙2,0), (𝐿3,0), and (𝑙3,0), respectively. 𝑃1
represents the concentrated force on the first beam segment, acting at point 𝐵; 𝑃3 represents
the concentrated force on the third beam segment, acting at point 𝐸 .

Fig. 1. Hinged type assembled beam frame structure schematic [10]

Fig. 2. Mechanical model and coordinate system of articulated assembled bolt frame beam
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Based on the Winkler foundation model, the force 𝑃 at any point on the surface of the
beam is proportional to the displacement at that point with the following equation:

(2.1) 𝑃(𝑥) = 𝑘𝑤 (𝑥)

where: k – foundation reaction factor, w(x) – vertical displacement at any point on the surface
of the hinged anchor frame beam.

The differential equation for the deflection curve of the beam is obtained from Eq. (2.1) as:

(2.2) 𝐸𝐼
𝑑4𝑤(𝑥)

d𝑥4 = −𝑏𝑘𝑤 (𝑥)

where: E – modulus of elasticity of hinged prefabricated anchor frame beam, I – moment of

inertia in the cross-section of articulated assembled anchor frame beams 𝐼 =
𝑏ℎ3

12
, h – height

of articulated assembled anchor frame beams, b – width of articulated assembled anchor frame
beams.

Let 𝑤(𝑥) = 𝑒𝜆𝑥 , 𝜆 is a defined intermediate variable 𝜆 =
4

√︂
𝑘𝑏

4𝐸𝐼
, substituting this into

Eq. (2.2) yields a generalized solution for the vertical displacement of the articulated beam as:

(2.3) 𝑤(𝑥) = 𝑒𝜆𝑥 (𝐶1 cos𝜆𝑥 + 𝐶2 sin𝜆𝑥) + 𝑒−𝜆𝑥 (𝐶3 cos𝜆𝑥 + 𝐶4 sin𝜆𝑥)

where: 𝐶1, 𝐶2, 𝐶3 and 𝐶4 – the constant of integration, determined from the boundary conditions
of the articulated frame beam.

Afterwards, the expressions for the angle, bending moment, and shear force can be
determined from the relationship between the displacement at the bottom of the beam and the
angle, bending moment, and shear force.

The role of anchoring force needs to be considered in this model, where 𝑥 ≥ 𝑥𝑃 (location
of anchoring force), the displacement under anchoring force can be obtained from Eq. (2.3):

(2.4) 𝑤(𝑥𝑃) =
𝑃

4𝜆3𝐸𝐼
[𝑐ℎ(𝜆𝑥) sin(𝜆𝑥) − 𝑠ℎ(𝜆𝑥) cos(𝜆𝑥)]

Associating Eq. (2.4) and the boundary condition and continuity condition of the frame
beam yields the displacement generalization of the beam as:

(2.5) 𝑤𝑖 (𝑥) = 𝑒𝜆𝑥 (𝐶4𝑖−3 cos𝜆𝑥 + 𝐶4𝑖−2 sin𝜆𝑥) + 𝑒−𝜆𝑥 (𝐶4𝑖−1 cos𝜆𝑥 + 𝐶4𝑖 sin𝜆𝑥)

+
𝑖∑︁
0

𝑃𝑖

4𝜆3𝐸𝐼

[
𝑐ℎ𝜆

(
𝑥 − 𝑥𝑃𝑖

)
sin𝜆

(
𝑥 − 𝑥𝑃𝑖

)
−𝑠ℎ𝜆

(
𝑥 − 𝑥𝑃𝑖

)
cos𝜆

(
𝑥 − 𝑥𝑃𝑖

) ]
𝑢
(
𝑥 − 𝑥𝑃𝑖

)
where: 𝐶4𝑖−3 ∼ 𝐶4𝑖 – undetermined constant of section 𝑖 beam, 𝑖 – the number of beams
(𝑖 = 1, 2, 3), 𝑃𝑖 – anchoring force, 𝑢

(
𝑥 − 𝑥𝑃𝑖

)
– the Heaviside function.

𝑢
(
𝑥 − 𝑥𝑃𝑖

)
=

{
0 0 ≤ 𝑥 < 𝑥𝑃𝑖

1 𝑥 ≥ 𝑥𝑃𝑖
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𝑃𝑖 =

{
𝑃𝑖 𝑖 = 1, 3
0 𝑖 = 2

The angle 𝜃, bending moment M, and shear force Q of the frame beam section are related
to the displacement:

(2.6)

𝜃 =
d𝑤
d𝑥

𝑀 = −𝐸𝐼 d2𝑤

d𝑥2

𝑄 = −𝐸𝐼 d3𝑤

d𝑥3


The couplings (2.5) and (2.6) can obtain the generalized solution of beam angle 𝜃, bending

moment M, and shear force Q:

𝜃𝑖 (𝑥) = 𝜆𝑒𝜆𝑥 (𝐶4𝑖−3 cos𝜆𝑥 + 𝐶4𝑖−2 sin𝜆𝑥 − 𝐶4𝑖−3 sin𝜆𝑥 + 𝐶4𝑖−2 cos𝜆𝑥)
+ 𝜆𝑒−𝜆𝑥 (−𝐶4𝑖−1 cos𝜆𝑥 − 𝐶4𝑖 sin𝜆𝑥 − 𝐶4𝑖−1 sin𝜆𝑥 + 𝐶4𝑖 cos𝜆𝑥)

+
𝑖∑︁
0

𝑃𝑖

2𝜆2𝐸𝐼
𝑠ℎ𝜆

(
𝑥 − 𝑥𝑃𝑖

)
sin𝜆

(
𝑥 − 𝑥𝑃𝑖

)
𝑢
(
𝑥 − 𝑥𝑃𝑖

)
(2.7)

𝑀𝑖 (𝑥) = − 2𝜆2𝐸𝐼

[
𝑒𝜆𝑥 (−𝐶4𝑖−3 sin𝜆𝑥 + 𝐶4𝑖−2 cos𝜆𝑥)+
𝑒−𝜆𝑥 (𝐶4𝑖−1 sin𝜆𝑥 − 𝐶4𝑖 cos𝜆𝑥)

]
−

𝑖∑︁
0

𝑃𝑖

2𝜆

[
𝑐ℎ𝜆

(
𝑥 − 𝑥𝑃𝑖

)
sin𝜆

(
𝑥 − 𝑥𝑃𝑖

)
+

𝑠ℎ𝜆
(
𝑥 − 𝑥𝑃𝑖

)
cos𝜆

(
𝑥 − 𝑥𝑃𝑖

) ]
𝑢
(
𝑥 − 𝑥𝑃𝑖

)
(2.8)

𝑄𝑖 (𝑥) = − 2𝜆3𝐸𝐼


𝑒𝜆𝑥 (−𝐶4𝑖−3 sin𝜆𝑥 + 𝐶4𝑖−2 cos𝜆𝑥
−𝐶4𝑖−3 cos𝜆𝑥 − 𝐶4𝑖−2 sin𝜆𝑥)+
𝑒−𝜆𝑥 (−𝐶4𝑖−1 sin𝜆𝑥 + 𝐶4𝑖 cos𝜆𝑥
+𝐶4𝑖−1 cos𝜆𝑥 + 𝐶4𝑖 sin𝜆𝑥)


−

𝑖∑︁
0
𝑃𝑖𝑐ℎ𝜆

(
𝑥 − 𝑥𝑃𝑖

)
cos𝜆

(
𝑥 − 𝑥𝑃𝑖

)
𝑢
(
𝑥 − 𝑥𝑃𝑖

)
(2.9)

where: 𝜃𝑖 (𝑥) – angle of turn of the i beam under the action of the concentrated force 𝑃𝑖 , 𝑀𝑖 (𝑥)
– the bending moment of section i of the beam under the action of the concentrated force
𝑃𝑖 , 𝑄𝑖 (𝑥) – the shear force in section i of the beam under the action of the concentrated force 𝑃𝑖 .

The constants of integration in the example can be obtained from the boundary conditions
of the articulated frame beam [20].

For the first section of the beam:
The bending moment 𝑀1𝐶 is zero at point C (segment AC) (𝑀1𝐶 = 0):

(2.10) 𝑃1 (𝑙1 − 𝐿1) − 𝑘𝑏
𝑙1∫

0

(𝑙1 − 𝑥)
[
𝑒𝜆𝑥 (𝐶1 cos𝜆𝑥 + 𝐶2 sin𝜆𝑥)+
𝑒−𝜆𝑥 (𝐶3 cos𝜆𝑥 + 𝐶4 sin𝜆𝑥)

]
d𝑥 = 0



336 BENQIAN WANG, SHIBIN KANG, PENG TAN, GUOZENG LIU

The bending moment 𝑀1𝐴 is zero at point A (𝑀1𝐴 = 0):

(2.11) 2𝜆2𝐸𝐼 (−𝐶2 + 𝐶4) = 0

The shear force 𝑄1𝐴 is zero at point A (𝑄1𝐴 = 0):

(2.12) −𝐸𝐼 d3𝑤1 (𝑥)
d𝑥3

����
𝑥=0

= 2𝜆3𝐸𝐼 (𝐶1 − 𝐶2 − 𝐶3 − 𝐶4) = 0

For the second section of the beam:
Shear continuity on both sides of point C (𝑄1𝐶 −𝑄2𝐶 = 0):

(2.13) 2𝜆3𝐸𝐼 [𝑒𝜆𝑥 (+𝐶1 sin𝜆𝑥 − 𝐶2 cos𝜆𝑥 + 𝐶1 cos𝜆𝑥 + 𝐶2 sin𝜆𝑥 − 𝐶5 sin𝜆𝑥 +
𝐶6 cos𝜆𝑥 − 𝐶5 cos𝜆𝑥 − 𝐶6 sin𝜆𝑥) + 𝑒−𝜆𝑥 (+𝐶3 sin𝜆𝑥 − 𝐶4 cos𝜆𝑥 − 𝐶3 cos𝜆𝑥 −
𝐶4 sin𝜆𝑥 − 𝐶7 sin𝜆𝑥 + 𝐶8 cos𝜆𝑥 + 𝐶7 cos𝜆𝑥 + 𝐶8 sin𝜆𝑥)] = 0

Shear continuity on both sides of point D (𝑄2𝐶 −𝑄3𝐶 = 0):

(2.14) 2𝜆3𝐸𝐼 [𝑒𝜆𝑥 (+𝐶5 sin𝜆𝑥 − 𝐶6 cos𝜆𝑥 + 𝐶5 cos𝜆𝑥 + 𝐶6 sin𝜆𝑥 − 𝐶9 sin𝜆𝑥 +
𝐶10 cos𝜆𝑥 − 𝐶9 cos𝜆𝑥 − 𝐶10 sin𝜆𝑥) + 𝑒−𝜆𝑥 (+𝐶7 sin𝜆𝑥 − 𝐶8 cos𝜆𝑥 −
𝐶7 cos𝜆𝑥 − 𝐶8 sin𝜆𝑥 − 𝐶11 sin𝜆𝑥 + 𝐶12 cos𝜆𝑥 + 𝐶11 cos𝜆𝑥 + 𝐶12 sin𝜆𝑥)] = 0

The displacements on either side of point C are equal (𝑊1𝐶 = 𝑊2𝐶 ):

(2.15) 𝑒𝜆𝑙1 (𝐶1 cos𝜆𝑙1 + 𝐶2 sin𝜆𝑙1 − 𝐶5 cos𝜆𝑥𝑙1 − 𝐶6 sin𝜆𝑙1) +
𝑒−𝜆𝑙1 (𝐶3 cos𝜆𝑙1 + 𝐶4 sin𝜆𝑙1 − 𝐶7 cos𝜆𝑙1 − 𝐶8 sin𝜆𝑙1) = 0

The displacements on either side of point D are equal (𝑊2𝐷 = 𝑊3𝐷):

(2.16) 𝑒𝜆𝑙2 (𝐶5 cos𝜆𝑙2 + 𝐶6 sin𝜆𝑙2 − 𝐶9 cos𝜆𝑙2 − 𝐶10 sin𝜆𝑙2) +
𝑒−𝜆𝑙2 (𝐶7 cos𝜆𝑙2 + 𝐶8 sin𝜆𝑙2 − 𝐶11 cos𝜆𝑙2 − 𝐶12 sin𝜆𝑙2) = 0

The bending moment 𝑀2𝐶 is zero at point C (𝑀2𝐶 = 0):

(2.17) −2𝜆2𝐸𝐼
[
𝑒𝜆𝑙1 (−𝐶5 sin𝜆𝑙1 + 𝐶6 cos𝜆𝑙1) + 𝜆2𝑒−𝜆𝑙1 (𝐶7 sin𝜆𝑙1 − 𝐶8 cos𝜆𝑙1)

]
= 0

The bending moment 𝑀2𝐷 at point D is zero the (𝑀2𝐷 = 0):

(2.18) −2𝜆2𝐸𝐼
[
𝑒𝜆𝑙2 (−𝐶5 sin𝜆𝑙2 + 𝐶6 cos𝜆𝑙2) + 𝑒−𝜆𝑙2 (𝐶7 sin𝜆𝑙2 − 𝐶8 cos𝜆𝑙2)

]
= 0

For the third section of the beam:
Equilibrium of bending moments at point D (section DF) (𝑀3𝐷 = 0):

(2.19) 𝑃3 (𝐿3 − 𝑙2) −
∫
𝑙2𝑙3

(𝑥 − 𝑙2)𝑘𝑏
[
𝑒𝜆𝑥

(
𝐶9 cos𝜆𝑥+
𝐶10 sin𝜆𝑥

)
+ 𝑒−𝜆𝑥

(
𝐶11 cos𝜆𝑥
+𝐶12 sin𝜆𝑥

)]
d𝑥 = 0
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The bending moment at point F is zero (𝑀3𝐹 = 0):

(2.20) −2𝜆2𝐸𝐼
[
𝑒𝜆𝑙3 (−𝐶9 sin𝜆𝑙3 + 𝐶10 cos𝜆𝑙3) + 𝜆2𝑒−𝜆𝑙3 (𝐶11 sin𝜆𝑙3 − 𝐶12 cos𝜆𝑙3)

]
= 0

The shear force at point F is zero (𝑄3𝐹 = 0):

(2.21) −2𝜆3𝐸𝐼
[
𝑒𝜆𝑙3 (−𝐶9 sin𝜆𝑙3 + 𝐶10 cos𝜆𝑙3 − 𝐶9 cos𝜆𝑙3 − 𝐶10 sin𝜆𝑙3)

+ 𝑒−𝜆𝑙3 (−𝐶11 sin𝜆𝑙3 + 𝐶12 cos𝜆𝑙3 + 𝐶11 cos𝜆𝑙3 + 𝐶12 sin𝜆𝑙3)
]
= 0

Associative Eq. (2.10)–(2.21), 𝐶1 − 𝐶12 can be obtained, and after that, substituting into
Eq. (2.5) as well as (2.7)–(2.9), the definite expressions for the displacement, angle, bending
moment, and shear force of the articulated beam can be obtained.

3. Case analysis

The constant expressions for the bottom displacement, corner, bending moment and shear
force of the hinged frame beam solved in the previous section can be used to analyze the factors
affecting the force characteristics of this beam. The values of each of these parameters are given
in Table 1. The assigned anchorage force 𝑃 reference in the Table 1 is taken as 345 kN [10].

Table 1. Calculating parameters for model

Length of single
section L [m]

Anchor spacing Y
[m] Frame beam width b [m] Frame beam height h

[m]

2 3×3 0.3 0.4

Foundation reaction
factor k [kN/m3]

Anchor force P
[kN]

Modulus of elasticity of concrete
E [GPa]

Articulation point –
anchor point distance L

[m]

4×104 345 30 0.5

3.1. Verification and comparison of equation solutions

In order to verify the rationality of the calculation method deduced in this paper, the
structural model of this paper is degraded to a single beam subjected to concentrated force and
the corresponding solution in the literature [21] is compared and analyzed. For facilitating
its comparison, 𝐿1 = 5 m, 𝑙1 = 10 m, the concentrated force is taken as 𝑃 = 400 kN and
0.5𝑃 = 200 kN, respectively, while the other parameters are kept in the same way as those
in the literature [22]. From the comparison of the two in Fig. 3, it can be seen that the force
deformation curves of the beam are in perfect agreement, so the rationality of the special
solution expression in this paper can be verified.
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(a) (b)

(c) (d)

Fig. 3. Displacement, rotation Angle, Bending moment and Shear force diagram of the beam solved
in this paper and in the literature: (a) Transverse beam displacement, (b) Transverse beam angle, (c)

Transverse beam bending moment, (d) Transverse beam shear force

3.2. Comparison of force and deformation characteristics of articulated
frame beams and conventional framebeams

In order to compare the force and deformation characteristics between traditional frame
beams and hinged prefabricated anchor frame beam, the change curves of the bottom displace-
ment, corner, bending moment and shear force of both traditional frame beams and hinged
prefabricated anchor frame beam about the position of the beams are shown in Fig. 4 with
different concentration forces (0.8𝑃, 1.5𝑃), which are calculated using the method for the
traditional frame beams proposed in literature [23], and calculated using the method mentioned
above for articulated assembled anchor frame beams. From the observation of Fig. 4, it can be
seen that the trends of the bottom beam displacements, angles, bending moments, and shear
forces of the two beam structures are similar in general under the conditions of changes in
the position of the crossbeam. In Fig. 4(c) and (d), the bending moment and shear force of
the articulated beams on both sides of the beams are smaller than those of the conventional
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cast-in-place beams; in the middle part of the beams, the bending moment of the articulated
beams is smaller than those of the conventional cast-in-place beams, with an average bending
moment of about 75% of that of the conventional cast-in-place beams, and the average shear
force of the articulated beams is about 7% higher than that of the conventional cast-in- place
beams. The overall analysis shows that the design of the articulated beam effectively reduces
the bending moment of the beam structure.

(a) (b)

(c) (d)

Fig. 4. Comparison of displacement, Angle, Bending moment and Shear force between articulated type
and traditional frame beam: (a) Transverse beam displacement, (b) Transverse beam angle, (c) Transverse

beam bending moment, (d) Transverse beam shear force

3.3. Parametric analysis of force deformation in articulated frame beam
structures

To further investigate the structural force characteristics of the articulated beam structure.
Figure 5 shows the variation of the bottom displacement, beam turning angle, bending moment,
and shear force of the articulated assembled frame beams with the position of the crossbeam
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under the action of different concentrated forces (0.6𝑃, 0.8𝑃, 1.0𝑃, and 1.2𝑃), respectively. In
Fig. 5(c), the bending moment of the beam structure is 0 kN·m at 0 m, 2 m, 4 m and 6 m of
the beam position under different concentrated forces, which is manifested by the boundary
condition that the bending moment is 0 kN·m at both sides of the free ends of the articulated
beam structure and at the articulation point, and the points of great value of the bending
moment correspond to 1.5 m, 3 m and 4.5 m of the beam position. In Fig. 5(d), the articulated
beams under different concentrated forces have a shear force of 0kN at the two end points (0 m,
6 m), which is shown as the boundary condition of shear force at the free end of the beams. A
sudden change occurs at the beam position of 1.5 m, 4.5 m and the value of the sudden change
is the magnitude of the concentrated force at the point; and the shear force is continuous at
the beam position of 2 m, 4 m. By changing the magnitude of the concentrated force in the
articulated assembled anchor frame beam, the reasonableness of the model derived from this
paper can be observed from the Fig. 5.

(a) (b)

(c) (d)

Fig. 5. Displacement, Angle, Bending moment and Shear of articulated frame beams under different
anchoring forces: (a) Transverse beam displacement, (b) Transverse beam angle, (c) Transverse beam

bending moment, (d) Transverse beam shear force
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Figure 6 compares the changes of the bottom displacement, beam angle, bending moment
and shear force of the articulated assembled anchor frame beam girder with respect to the
position of the crossbeam under the action of different foundation reaction coefficients,
where the values of the foundation reaction coefficients are taken as 𝐾1 = 1.5 × 105 kN/m3,
𝐾2 = 3× 105 kN/mm3, 𝐾3 = 4.5× 105 kN/m3, 𝐾4 = 6× 105 kN/mm3, 𝐾5 = 7.5× 105 kN/m3.
In Fig. 6(a) and (b), it can be clearly observed that with the increase of foundation reaction
force coefficient, the beam bottom displacement and beam turning angle significantly decrease,
which is in line with the characteristics of Winkler foundation model [24]. In Fig. 6(c) and (d),
the change of foundation reaction force coefficient has little effect on the bending moment and
shear force on the beam.
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Fig. 6. Displacement, rotation Angle, Bending moment and Shear force of frame beams under different
foundation reaction coefficients: (a) Transverse beam displacement, (b) Transverse beam angle, (c)

Transverse beam bending moment, (d) Transverse beam shear force

Figure 7 compares the variation of beam bottom displacement, beam turning angle, bending
moment, and shear force of articulated assembled anchor frame beams with respect to the
position of the crossbeam under different conditions of cross-section dimensions, which are
taken as 𝑆1 = 0.15 × 0.25 m, 𝑆2 = 0.3 × 0.4 m, 𝑆3 = 0.45 × 0.55 m, 𝑆4 = 0.6 × 0.7 m. In
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Fig. 7(a) and (b), the beam bottom displacement and beam turning angle decrease with the
increase of section size, which is manifested by the decrease of beam deformation when the
beam is subjected to external force, but the decrease is smaller with the increase of section
size. In Fig. 7(c) and (d), the bending moment and shear force are minimally affected by the
change in cross-section size. In summary, the change of section size mainly affects the degree
of force deformation of the beam. When selecting the cross-section size, combined with the
economy can appropriately increase the cross-section size to reduce the force deformation of
the articulated type assembled anchor frame beam.

(a) (b)

(c) (d)

Fig. 7. Displacement, rotation Angle, Bending moment and Shear force diagram of frame beam under
different section sizes: (a) Transverse beam displacement, (b) Transverse beam angle, (c) Transverse

beam bending moment, (d) Transverse beam shear force

Figure 8 shows the variation of beam bottom displacement, beam turning angle, bending
moment, and shear force of articulated assembled anchor frame beams with respect to the
position of the beams under different cantilever lengths, where the cantilever lengths are
𝑋1 = 0.5 m, 𝑋2 = 0.75 m, 𝑋3 = 1.0 m, 𝑋4 = 1.25 m, and 𝑋5 = 1.5 m, and the cantilever
lengths are the lengths of the beams from the free end to the anchorage points. In Fig. 8(c)
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and (d), the maximum values of bending moments at anchorage points and mid-span both
decrease significantly with decreasing cantilever length, while the shear force also decreases
with decreasing cantilever length at anchorage points. In summary, in the fabrication of
articulated assembled anchor frame beams, the force condition and performance of the beam
structure can be improved by reasonably shortening the cantilever length.

(a) (b)

(c) (d)

Fig. 8. Displacement, Angle, Bending moment and Shear of frame beam under different cantilever
lengths: (a) Transverse beam displacement, (b) Transverse beam angle, (c) Transverse beam bending

moment, (d) Transverse beam shear force

4. Conclusions

In this paper, based on Winkler elastic foundation beam theory, the mechanical model and
coordinate system of articulated assembled anchor frame beam structure are established. Based
on the mechanical model and coordinate system, the general solutions of displacement, corner,
bending moment, and shear force at the bottom of articulated frame beam under the action of
centralized force are computed; and calculate its definite solution through its boundary condi-
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tions and continuity conditions at the articulation. which can accurately determine the structural
internal force of the beam for structural design. The following conclusions were mainly obtained:

1. Comparing the internal force and deformation of articulated frame beams and conven-
tional frame beams, the articulated frame beams, due to the articulated structure, make
the change of displacement and angle of the bottom of the beams larger than that of
the conventional frame beams after the beams are subjected to soil pressure, and the
maximum bending moment of the beams is reduced by about 25% compared with that
of the conventional frame beams.

2. The internal force and deformation of articulated frame beam is positively correlated with
the anchorage force; the foundation reaction force coefficient has negligible influence on
the bending moment and shear force of the frame beam, and negatively correlates with
the displacement and angle of the beam; the structure of the articulated frame beam
itself can be selected through the coordination of the beam’s deformation and the force,
which makes the articulated frame beam have better structural characteristics.
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