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Seismic fragility analysis of bridge structures
based on improved cloud method

Ao Lu1, Chunhua Zhang2, Fang Huang3,
Shuang Wang4, Ying Liu5, Zi Wu6

Abstract: The cloud image method is widely used in the result vulnerability analysis because of its convenient
calculation. However, there are some problems in the cloud image method, such as the engineering demand
parameter (EDP) does not meet the lognormal distribution, the seismic intensity index ln(IM) does not
meet the linear relationship with the engineering demand parameter (ln(EDP)), and the residual does not
meet the normal distribution. Therefore, this paper introduces two methods of Box–Cox transform and
3-sigma criterion, and combines Latin hypercube sampling to propose a vulnerability analysis method
that not only maintains the advantages of less analysis times of the cloud image method but also improves
the normality of ln(EDP), the correlation between independent variables and dependent variables and the
normality of residuals of cloud image method. Finally, taking a continuous beam bridge as an example, the
time history analysis of the whole bridge model is carried out to verify whether the variables before and
after the correction meet the normal distribution, and the effectiveness of the improved method is evaluated;
By establishing the vulnerability curve of the cloud image method and the improved method, the cloud
image method and the improved method are evaluated. The results show that the introduction of Box–Cox
transformation and 3-sigma criterion can improve the linearity and normality of the probabilistic seismic
demand model, and ensure the accuracy of the vulnerability calculation results. Using the Latin hypercube
sampling method to consider the uncertainty of the structure can make the vulnerability results more realistic.

Keywords: bridge engineering, improve the cloud image method, Latin hypercube sampling, proba-
bilistic seismic demand model, vulnerability analysis
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1. Introduction

Seismic vulnerability analysis can predict the seismic performance of engineering struc-
tures from the perspective of probability, so it is widely used. At present, there are mainly
expert scoring methods, historical experience statistics methods [1], and numerical analysis
methods [2]. With the rapid development of computer technology, the numerical analysis
method is the most widely used. The commonly used numerical analysis methods of seismic
vulnerability include incremental dynamic analysis (IDA) [3], strip method [4], and cloud
image method [5]. Among them, the IDA method is the most widely used. However, this
method involves amplitude modulation or secondary processing of ground motion records,
resulting in large calculation errors and calculation amounts. The original ground motion
records are used for calculation in the cloud chart method, which avoids the above problems
and can quickly obtain the theoretical fragility curve of the structure [6–9].

It is found that when the cloud chart method is used to establish the probabilistic seismic
demand model for seismic vulnerability analysis, three basic assumptions are made for the
convenience of calculation: (1) The engineering demand parameters at a specific ground
motion intensity level obey the lognormal distribution; (2) Linear correlation between ln(IM)
and ln(EDP); (3) The variance of ln (EDP) under different IM does not change. Studies have
shown that the above three assumptions are inconsistent with reality [10, 11]. Hypothesis (1)
has a more serious impact on the calculation results of the vulnerability curve than the latter
two. At present, how to improve the theoretical vulnerability analysis method so that it can meet
the three basic assumptions and maintain the advantages of fewer analysis times has become an
urgent problem to be solved in theoretical vulnerability analysis. The research shows that the
quadratic polynomial regression analysis of the least square method [12], incremental dynamic
analysis (IDA) [3, 13], Box–Cox transformation [14], and other methods (such as the 3-sigma
criterion) are introduced into the cloud image method, and the Box–Cox transformation is
combined with Bayesian reasoning for vulnerability analysis [15], which can improve the
linearity and normality of the cloud image method. However, the above method will lead to
a sharp increase in calculation time. Some scholars have proposed to use Monte Carlo sampling
to solve [14], but Monte Carlo sampling re-simulation requires a large number of samples, and
the calculation efficiency is low, and the Latin hypercube sampling method is a good choice.

2. Improvement of cloud image method

2.1. Calculation method of traditional cloud image method

The main content of the cloud image method is to establish a probabilistic seismic demand
model (PSDM) through the randomness of earthquakes. Cornell et al. [16] proposed to obtain
the relationship between EDP and IM according to PSDM, and then combined with the seismic
capacity of the structure to solve the damage probability of the structure under different IM to
obtain the vulnerability curve. This method assumes that the EDP at a specific ground motion
intensity level obeys the lognormal distribution, uses Ordinary Least Squares (OLS) to fit the
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regression model, and assumes the relationship between ln(EDP) and ln(IM).

(2.1) ln(EDP) = a + b ln(IM) + e, e ∼ N(0, 𝛽EDP/IM).

where a, b is the regression coefficient.
From the Eq. (2.1), the damage probability Eq. (2.2) under a limit state is obtained.

(2.2) 𝑃 𝑓 = 𝑃(𝐷𝐼 ≥ 𝐿𝑆/IM) = 1 −Φ

(
ln(𝐿𝑆) − ln (𝑎 + 𝑏 ln(IM))

𝛽EDP/IM

)
where DI is the component requirements; LS is the limit state of component damage; Φ(·)
is a standard normal distribution; 𝛽EDP/IM logarithmic standard deviation for component
requirements.

If it is assumed that the seismic capacity C of the component in a certain damage limit state
(𝐿𝑆 𝑗 ) obeys the logarithmic normal distribution with the mean value of 𝑆𝑐 and the logarithmic
standard deviation of 𝛽𝑐, the damage probability Eq. (2.3) in a certain limit state is obtained.

(2.3) 𝑃(𝐿𝑆 𝑗/IM) = Φ


ln(𝑎 + 𝑏 ln(IM)) − ln(𝑆𝑐)√︃

𝛽2
𝐷
+ 𝛽2

𝑐


From Eq. (2.1), (2.2), and (2.3), to calculate the damage probability, the cloud image

method usually needs to assume that ln(EDP) satisfies the normal distribution, and ln(PGA)
and ln(EDP) are linear, where PGA is peak acceleration. However, when the assumption is
contrary to the actual situation when ln(EDP) does not satisfy the normal distribution, the
calculation results of Eq. (2.2) and (2.3) will be unsatisfactory, which will reduce the reliability
of component vulnerability calculation.

2.2. Modification based on BOX-COX transformation

In 1964, Box et al. [17] proposed the Box–Cox transformation, which is widely used in
regression analysis. The Box–Cox transformation is to determine the data transformation
form by estimating the parameters of the data itself so that the regression model satisfies the
normality, linearity, and homoscedasticity. Its general form is:

(2.4) 𝑦(𝜆) =

𝑦𝜆 − 1
𝜆

, 𝜆 ≠ 0

ln(𝑦), 𝜆 = 0
or 𝑦 =


(1 + 𝜆𝑦(𝜆))𝜆−1

, 𝜆 ≠ 0

exp(𝑦(𝜆)), 𝜆 = 0
(reverse transformation)

where 𝑦(𝜆) a new variable after Box–Cox transformation; y is the original variable; 𝜆 is the
transformation parameter.

The Box–Cox transformation is introduced into Eq. (2.1), and the dependent variable
ln(EDP) is improved to update it to a Box–Cox regression model that satisfies normality,
linearity, and equal variance assumptions. Currently, the relationship between ln(EDP) and
ln(IM) is:

(2.5) ln(EDP)𝜆 = 𝑎′ + 𝑏′ ln(IM) + 𝑒, 𝑒 ∼ 𝑁 (0, 𝛽′EDP/IM)
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Since the residual after the transformation conforms to the normal distribution, the parameter
𝜆 of the undetermined transformation can be estimated by the maximum likelihood method
to find the best value. From ln (EDP)𝜆 ∼ 𝑁 (𝑎 + 𝑏 ln(IM), 𝛽′EDP/IM), let 𝑥(𝜆) = ln(EDP)𝜆,
𝑥 = ln(EDP) the probability density of ln (EDP)𝜆 is:

(2.6) 𝑓 (𝑥) = 𝑓 (𝑥(𝜆) · 𝐽 (𝜆, 𝑥)) = 1
(
√

2𝜋(𝛽′EDP/IM)2)𝑛
·

exp

{
− 1

2(𝛽′EDP/IM)2 (𝑥(𝜆) − 𝑎′ − 𝑏′ ln(IM))2

}
·

𝑛∏
𝑖=1

𝑥𝜆−1
𝑖

where 𝐽 (𝜆, 𝑥) is the Jacobi determinant.
Taking logarithms on both sides of Eq. (2.6), we can obtain:

(2.7) 𝐿 (𝑏′𝛽′EDP/IM, 𝜆) = −𝑛

2
ln 2𝜋 − 𝑛

2
ln(𝛽′EDP/IM)2+

− 1
2𝜎2 (𝑥(𝜆) − (𝑥(𝜆) − 𝑎′ − 𝑏′ ln(IM))2 +

𝑛∑︁
𝑖=1

(𝜆 − 1)𝑥𝑖

The transformation parameter 𝜆 is fixed, and the partial derivatives of the likelihood
function to 𝑏′ and 𝛽′EDP/IM are set to 0. Then, 𝐿 (𝜆) is:

(2.8) 𝐿 (𝜆) = −𝑛

2
ln 2𝜋 − 𝑛

2
ln (𝛽′EDP/IM)2 − 𝑛

2
+

𝑛∑︁
𝑖=1

(𝜆 − 1) ln(𝑥𝑖)

Search for the maximum logarithmic likelihood function 𝐿 (𝜆), draw the 𝐿 (𝜆) curve, and
obtain the best value at the extreme value of the function.

After introducing the Box–Cox transformation, the engineering demand parameter ln(EDP)
no longer obeys the original lognormal distribution, and the original damage probability
calculation Eq. (2.3) cannoYPICAL CASESt be used. Due to the stratified sampling of
variables, the Latin hypercube sampling method will not produce obvious vacancies due to the
good uniformity of the sampled samples. Taking the standard normal distribution as an example,
which illustrates the differences between MC sampling and LHS sampling. As shown in Fig. 1,
𝑅2 is the coefficient of determination for the fitting effect, and the closer its value is to 1, the
better the fitting effect. It can be seen that under the same distribution, MC sampling requires
10000 samples to achieve 𝑅2 above 0.99, while LHS sampling requires 100 samples to achieve
this effect; The p-value is the level of significance test for normal distribution. The larger the
p-value, the higher the significance level. When the p-value is less than 0.05, it is considered
that the variable does not follow a normal distribution. It can be seen that the normality test
level of LHS sampling is significantly higher than that of MC sampling. Therefore, under the
same conditions, LHS sampling has better results and can achieve the same results as many
random samples with fewer sampling times, improving the calculation accuracy.
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(a) (b) (c)

(d) (e) (f)

Fig. 1. Probability density distribution map: (a) Monte Carlo sampling 100 times; (b) Monte Carlo
sampling 1000 times; (c) Monte Carlo sampling 10000 times; (d) Latin hypercube sampling 10 times; (e)

Latin hypercube sampling 100 times; (f) Latin hypercube sampling 1000 times

Taking a one-dimensional vector as an example, assuming m samples are extracted from
the vector space, the cumulative distribution function of a continuous random variable is
shown in Fig. 2. The steps of Latin hypercube sampling are as follows: first, divide the space
vector into m intervals, so that each interval has the same probability, and then randomly select
a point in each interval. The selected sample is (𝑥1, 𝑥2, 𝑥3, . . . , 𝑥𝑚,−1, 𝑥𝑚).

Fig. 2. Schematic diagram of Latin hypercube sampling
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Compared with the Monte Carlo sampling method, the sampling efficiency and running
time of the Latin hypercube sampling method provide great convenience. Therefore, Box–
Cox transformation and Latin hypercube sampling are used to analyze seismic vulnerability.
According to this time, in times of Latin hypercube sampling is performed on ln(EDP)𝜆 under
each IM according to from (𝑎′ + 𝑏′ ln(IM), 𝛽′EDP/IM), and the original ln (EDP) value is
obtained by inverse transformation Eq. (2.4). At the same time, it is assumed that the capacity
of the component (𝐿𝑆𝑖) obeys the logarithmic normal distribution under the corresponding
ultimate damage state. The seismic capacity ln(C) is also subjected to n Latin cube sampling,
and each sampling is judged. The result is expressed by the indicator function:

(2.9) 𝑎𝑖 =

{
1, ln(EDP) ≥ ln(𝐶)
0, ln(EDP) < ln(𝐶)

At this time, the damage probability of the component under 𝐿𝑆𝑖 is:

(2.10) 𝑃 = [𝐿𝑆 𝑗/IM] =

𝑛∑︁
𝑖=1

𝑎𝑖

𝑛

where 𝑛 is the total number of sampling;
𝑛∑︁
𝑖=1

𝑎𝑖 is the number of times that the demand value

is greater than the capacity value.

2.3. Modification based on 3-sigma criterion

The 3-sigma criterion, also known as the standard deviation method, is usually used to
process data with normal distribution or approximate normal distribution. This method is
suitable for the case of more data. Statistically, the percentage of the average value less than one
standard deviation, two standard deviations, and three standard deviations is 68.27%, 95.45%,
and 99.73%, respectively. The standard deviation can reflect the degree of dispersion of the
factor, which is based on the average value of the factor. In the process of outlier processing, the
average value and standard deviation of the factor are calculated first, and then the parameter
m is determined, to determine the reasonable range of the factor value [𝜇 − 𝑚, 𝑥 + 𝑚], and
adjust the factor value.

The principle of the 3-sigma criterion can be simply described as follows: If the data obeys
the normal distribution, if the deviation from the mean value exceeds three times the standard
deviation, these data are outliers, which can be expressed as:

(2.11) 𝑃( |𝑥 − 𝜇 | > 3𝜎) ≤ 0.003

where 𝜇 is the mean; 𝜎 is the standard deviation.
Through the calculation method of the 3-sigma criterion, the engineering demand parameters

(ln(EDP)) that do not meet the normality are removed, and some outliers are removed to make
ln(EDP) meet the normal distribution. At this time, the damage probability of the structure is
calculated by combining the traditional cloud diagram method Eq. (2.1), (2.2) and (2.3), and
the vulnerability curve is obtained.



SEISMIC FRAGILITY ANALYSIS OF BRIDGE STRUCTURES BASED ON IMPROVED CLOUD . . . 157

3. Typical cases

3.1. Case overview

In this paper, a continuous beam bridge is taken as the research object. The design bridge
length of a bridge is 250 m, the net width of the bridge deck is 12.5 m, and the span arrangement
form is (65 + 120 + 65) m. The upper structure of the bridge adopts a continuous box girder,
and the lower pier adopts a thin-walled pier. The number of piers is 0#–3# from left to right,
and the overall layout of the bridge is shown in Fig. 3.

Fig. 3. General layout of the bridge

The finite element 3D model of the whole bridge, which has 150 nodes and 142 elements,
is established by the OpenSees program, as shown in Fig. 4. The main girder is simulated by
a linear beam-column element (Cross-sectional area is 1.23–1.6 m2, torsional moment of inertia
is 0.03–0.05 m4, Z-axis bending moment of inertia is 1.23–6.7 m4, and Y-axis bending moment
of inertia is 14.7–19 m4). The corresponding finite element model is selected according to the
failure mode of the pier. The simulation of the bridge pier adopts the Nonlinear Beam-Column
Element in OpenSees, and its section adopts the fiber section in OpenSees. The fiber section can
divide the section into several small fiber elements, and each section can be assigned a different
material constitutive model. The concrete constitutive model is Concrete 01, and steel 01 is used.
The pile-soil interaction is simulated by soil spring. In this paper, only the springs in two directions
of the horizontal plane are considered, and the spring stiffness is calculated by the m method.

Fig. 4. Diagram of finite element model
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For the simulation of the pier, the two-stage kNN (That is k-nearest neighbors) method
is used to distinguish the failure mode of the pier, and the seismic failure mode of each
pier of the model is obtained [18]. According to different failure modes, the corresponding
finite element model is established. The discriminant steps are as follows: (1) Calculate the
maximum bending moment value of the pier section; (2) Calculate the shear demand of the
pier section; (3) According to the “Specifications for Seismic Design of Highway Bridges
(JTG/T 2231-01-2020)” [19], the shear capacity of the section is obtained. (4) According to
the cross-section information, the seismic failure mode is identified. The failure modes of each
pier are shown in Table 1.

Table 1. Basic design parameters and seismic failure modes of piers

Serial number Vp/Vn n 𝝀 𝜶l 𝜶v 𝝃 s/h0 Failure mode

No. 0 Pier 0.84 0.08 1 0.24 0.51 9 0.0169 Shear failure

No. 1 Pier 1.03 0.1 11.6 0.23 0.61 8.7 0.0169 Bending failure

No. 2 Pier 1.03 0.1 14.5 0.23 0.67 6.3 0.0169 Bending failure

No. 3 Pier 0.84 0.08 6.3 0.24 0.54 8.7 0.0169 Bending failure

Note: 𝑉𝑝 is the shear demand; 𝑉𝑛 is the shear capacity; n is the axial compression ratio; 𝛼l longitudinal
reinforcement parameters; 𝛼𝑣 is a stirrup parameter; 𝜉 is the relative amount of longitudinal stirrup; s is the
stirrup spacing; ℎ0 is the effective height of the cross-section.

It can be seen from Table 1 that the bending failure of No. 1 pier, No. 2 pier, and No. 3 pier
is simulated by fiber beam element. The shear failure of the No. 0 pier was simulated by the
simulation method provided in [20], as shown in Fig. 3.

3.2. Selection of indicators

The intensity indexes of earthquakes include peak ground acceleration (PGA), spectral
acceleration (IS), and spectral intensity (SA). Since most of the seismic codes in China are based
on the fortification intensity, PGA can be obtained from the ground motion parameter zoning
in China (GB18306-2001), and most of the ground motion parameters used in vulnerability
studies are PGA, the theory is more mature. This paper selects PGA as the ground motion
parameter.

The commonly used damage indexes of bridge piers are curvature ductility coefficient,
bending ductility coefficient, pier top drift rate, Park-Ang index, residual displacement drift rate,
displacement ductility ratio, demand capacity ratio, etc. The pier with bending failure makes it
easy to form a plastic hinge and presents good ductility and energy dissipation capacity, so
displacement can be used to describe the damage state. The ductility and energy dissipation
capacity of shear failure is very poor, and it is unreasonable to choose deformation to describe
its damaged state. Therefore, in this paper, the drift rate of the pier top is selected as the damage
index of the bending failure pier, and the capacity demand ratio is selected as the damage index
of the shear failure pier. The mean and logarithmic standard deviation of drift rate and capacity
demand ratio are shown in Table 2 and Table 3 [21].
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Table 2. Mean and logarithmic standard deviation of pier top drift rate

LS1 LS2 LS3 LS4

𝜇 𝜎1 𝜇 𝜎1 𝜇 𝜎1 𝜇 𝜎1

0.5% 0.25% 1.0% 0.25% 2.0% 0.46% 2.5% 0.46%

Note: 𝐿𝑆1 is the minor injury; 𝐿𝑆2 is the moderate damage; 𝐿𝑆3 is the s serious injury; 𝐿𝑆4 is the
complete damage l; 𝜇 is the mean value; 𝜎1 is the logarithmic standard deviation.

Table 3. Mean and log standard deviation of requirement capacity ratio

LS1 LS2 LS3

𝜇 𝜎1 𝜇 𝜎1 𝜇 𝜎1

1 0.246 2 0.246 3 0.472

3.3. Selection of ground motion

The randomness of ground motion is strong, and different seismic waves have a great
influence on the vulnerability curve of the structure [22]. Therefore, this paper selects 100
seismic waves to analyze the vulnerability of the structure. The thickness of the overburden layer
in the bridge site area of this bridge is greater than 5 m, the bridge engineering site category
is Class II, the earthquake magnitude of the bridge is 𝑀 = 7, and the bridge fault distance is
𝑅 𝑗𝑏 = 25 km. According to the bridge site information, the selection steps of seismic waves are
as follows: Firstly, according to the 𝑉30 conversion formula given by Boore [23], the average
shear wave velocity 𝑉30 in the range of 30 m depth of China’s Class II site is obtained. Then,
100 seismic waves are selected from the NGA-West2 strong earthquake database according
to 𝑀 = 6 − 8, 𝑉30 = 366–450 m/s, 𝑅 𝑗𝑏 = 0–100 km [24]. The sequence number, event name,
recording site, year, magnitude, fault distance (km), and 𝑉30 (m/s) information of ground
motion records are shown in Table 4. Due to space reasons, this article only lists the first five
ground motion information. The 100 ground motion time histories are input according to the
longitudinal bridge direction to obtain the response of each component of the structure.

Table 4. Vibration record information sheet

RSSequence number + Event name +
Recording site Year M Rjb (km) V30 (m/s)

RSN15_KERN_TAF111 1952 7.36 38.4 385

RSN28_PARKF_C12320 1966 6.19 17.6 409

RSN64_SFERN_FTJ090 1971 6.61 59.5 394

RSN70_SFERN_L01111 1971 6.61 22.2 425

RSN79_SFERN_PAS090 1971 6.61 25.5 415
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4. Seismic vulnerability analysis

4.1. Structural random parameters

In this paper, the Latin hypercube sampling method is used to consider the uncertainty of
structural parameters, and 100 structure samples are generated by Latin hypercube sampling.
From the peak compressive strength of the core concrete ( 𝑓𝑐), the strain corresponding to
the peak compressive strength (𝜀𝑐), the ultimate compressive strength ( 𝑓𝑢), the ultimate
strain corresponding to the ultimate strength (𝜀𝑢); the mass density of concrete (𝜌𝑠); the peak
compressive strength ( 𝑓𝑐), the strain corresponding to the peak compressive strength (𝜀𝑐),
the ultimate compressive strength ( 𝑓𝑢), and the ultimate strain corresponding to the ultimate
strength (𝜀𝑢) of the protective layer concrete; the parameters such as the yield stress ( 𝑓𝑦), the
elastic modulus (𝐸0) and the yield stiffness ratio (b) of the steel bar consider the randomness of
the structure [25,26] and the detailed information is shown in Table 5. Due to the large number
of samples, this paper only lists five structure samples, as shown in Table 6.

Table 5. The probability distribution of random parameters of the structure

Member Sign Distribution Mean value Coefficient
of variation Lower bound Upper bound

Cover
concrete

𝑓𝑐/(MPa) Lognormal 39.5 0.2 27.5 52.5

𝜀𝑐/ (–) Lognormal 0.002 0.2 0.0013 0.0029

𝑓𝑢/(MPa) Lognormal 7.9 0.2 6.0 10.0

𝜀𝑢/ (–) Lognormal 0.004 0.2 0.003 0.0054

Core
concrete

𝑓𝑐/(MPa) Lognormal 51.35 0.2 34 72

𝜀𝑐/ (–) Lognormal 0.0026 0.2 0.0018 0.0038

𝑓𝑢/ (MPa) Lognormal 10.27 0.2 7.8 13.5

𝜀𝑢/ (–) Lognormal 0.02 0.2 0.017 0.023

Module
density P𝑠 / (g·cm−3) Lognormal 2.55 0.2 2.2 2.9

Steel
reinforcement

F𝑦 /(MPa) Lognormal 500 0.1 450 550

𝐸0/ (MPa) Lognormal 2 × 105 0.033 1.79 × 105 2.18 × 105

b/ (–) Lognormal 0.007 0.2 0.0059 0.0084
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Table 6. Structure samples

Serial
number

Cover concrete Core concrete Module
density Steel reinforcement

𝑓𝑐

(MPa)
𝜀𝑐

(10−5)
𝑓𝑢

(MPa)
𝜀𝑢

(10−5)
𝑓𝑐

(MPa)
𝜀𝑐

(10−5)
𝑓𝑢

(MPa)
𝜀𝑢

(10−5)
𝑃𝑠

(g· cm−3)
𝐹𝑦

(MPa)
𝐸0

(GPa)
b

(10−5)

1 37 214 7 413 55 301 8 1869 2.712 518 195 791

2 30 239 7 495 61 234 11 2000 2.711 486 212 746

3 29 259 9 359 42 320 8 2179 2.849 473 184 790

4 35 265 6 388 61 226 9 2003 2.597 490 206 607

5 28 143 8 310 64 281 11 1914 2.799 483 198 812

4.2. Vulnerability curve comparison

A series of scatter points (ln(PGA), ln(EDP)) are obtained by taking the logarithm of the
peak ground acceleration PGA and the drift rate of the pier top. In this paper, the results of the
No.0 pier are selected for a detailed description.

The significance test of ln(EDP) of No. 0 pier was carried out, and the significant level
𝑝 < 0.05 was obtained, which indicated that ln(EDP) did not meet the normal distribution.
Box–Cox transformation and 3-sigma criterion were used to process ln(EDP). The significance
of the dependent variable and the correlation between the independent variable and the
dependent variable are shown in Table 7. After Box–Cox transformation and 3-sigma criterion
treatment, ln(EDP)𝜆 and ln(EDP) meet the normal distribution the determination coefficient is
increased by 1.3 % and 1.1 % respectively, and the correlation degree is improved. Figures 5–7
are the residual distribution map and the residual frequency distribution histogram. The
normality of the residual is improved after processing.

Table 7. Analysis results of each method

Parameter Cloud method Box–Cox transformation 3-sigma criterion

p 0.020 0.234 0.228

𝑅2 0.852 0.863 0.862

Note: 𝑝 > 0.05 that the variable obeys the normal distribution; 𝑅2 is the coefficient of determination.
The closer 𝑅2 is to 1, the higher the linear correlation between the independent variable and the
dependent variable is.
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(a) (b)

Fig. 5. Analysis results of the cloud image method: (a) Residual distribution map; (b) Residual histogram

(a) (b)

Fig. 6. Results of Box–Cox transformation analysis: (a) Residual distribution map; (b) Residual histogram

(a) (b)

Fig. 7. Analysis results of 3-sigma criterion: (a) Residual distribution map; (b) Residual histogram

The seismic probability demand model of the cloud chart method, Box–Cox transformation,
and 3-sigma criterion is established, as shown in Fig. 8. According to the seismic probability
demand model, the function expressions of the cloud chart method and the 3-sigma criterion
under different damage states are shown in Table 8, where 𝑃 𝑓 is the damage probability.
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(a) (b) (c)

Fig. 8. Seismic probabilistic demand model: (a) Cloud method; (b) Box–Cox transformation; (c) 3-sigma
criterion

Table 8. Function expressions

Vulnerability calculation method Damage
state

Function expressions

Cloud method
𝐿𝑆1 𝑃 𝑓 = Φ

(
0.2851 ln(PGA) + 1.03366 − ln(1)

√
0.168 + 0.060516

)
𝐿𝑆2 𝑃 𝑓 = Φ

(
0.2851 ln(PGA) + 1.03366 − ln(2)

√
0.168 + 0.060516

)
𝐿𝑆3 𝑃 𝑓 = Φ

(
0.2851 ln(PGA) + 1.03366 − ln(3)

√
0.168 + 0.060516

)
Δ𝑦

Δ𝑥

Box–Cox transformation
𝐿𝑆1 𝑃 𝑓 = Φ

(
0.2743 ln(PGA) + 1.02144 − ln(1)

√
0.156 + 0.060516

)
𝐿𝑆2 𝑃 𝑓 = Φ

(
0.27431 ln(PGA) + 1.02144 − ln(2)

√
0.156 + 0.060516

)
𝐿𝑆3 𝑃 𝑓 = Φ

(
0.2743 ln(PGA) + 1.02144 − ln(3)

√
0.156 + 0.060516

)
After Box–Cox transformation, Latin hypercube sampling is performed on ln(EDP) under

each IM, and ln(EDP) is obtained by Eq. (2.4), and the same sampling times are also performed
from ln(C), and the results are obtained according to Eq. (2.11). The Latin hypercube sampling
method is used to calculate the exceedance probability, and the different IM damage probabilities
are shown in Table 9. According to Table 8 and Table 9, the vulnerability curve is shown in Fig. 9.

Table 9. The damage probability of bridge pier under different PGA based on Box–Cox transformation

PGA(g) LS1 LS2 LS3 PGA(g) LS1 LS2 LS3

0.1 0.001 0.000 0.000 0.6 0.974 0.398 0.020
0.2 0.103 0.001 0.000 0.7 0.979 0.552 0.042
0.3 0.385 0.020 0.000 0.8 0.988 0.675 0.080
0.4 0.672 0.100 0.001 0.9 0.986 0.780 0.151
0.5 0.882 0.233 0.005 1.0 1.000 0.858 0.227
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Fig. 9. Vulnerability curves under different vulnerability calculation methods

According to the vulnerability curve, the difference in damage probability between different
methods, such as the cloud image method, Box–Cox transformation, and 3-sigma criterion
is calculated in Table 10. No. 1 represents the difference in damage probability between the
cloud image method and the 3-sigma criterion, No. 2 represents the difference in damage
probability between the cloud image method (its data is marked in black, as recommended)
and the Box–Cox transformation, and No. 3 represents the difference in damage probability
between the 3-sigma criterion and Box–Cox transformation. 𝐿𝑆1, 𝐿𝑆2, and 𝐿𝑆3 represent the
“minor”, “moderate” and “serious” scenarios, respectively.

Table 10. Damage probability difference of different methods

PGA(g)
LS1 LS2 LS3

No. 1 No. 2 No. 3 No. 1 No. 2 No. 3 No. 1 No. 2 No. 3

0.1 0.55% 0.53% 0.02% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%

0.2 11.69% 9.74% 1.95% 1.02% 1.02% 0.00% 0.17% 0.17% 0.00%

0.3 18.50% 16.50% 2.01% 7.65% 7.25% 0.40% 1.53% 1.53% 0.00%

0.4 13.91% 11.91% 2.45% 18.14% 16.14% 2.43% 5.14% 5.14% 0.00%

0.5 7.81% 6.81% 1.21% 25.51% 23.51% 3.00% 10.87% 10.80% 0.07%

0.6 3.86% 2.56% 1.30% 27.12% 22.12% 4.23% 17.62% 0.00% 0.50%

0.7 1.80% 2.32% 0.52% 24.49% 20.49% 4.54% 24.01% 0.17% 0.50%

0.8 0.82% 0.82% 0.33% 19.97% 16.97% 3.16% 29.02% 1.53% 2.35%

0.9 0.37% 0.77% 0.43% 15.25% 12.15% 3.10% 32.13% 5.14% 2.43%

1.0 0.17% 0.13% 0.04% 11.16% 8.16% 3.00% 33.29% 10.80% 3.32%

According to Table 10, in the case that ln(EDP) does not satisfy the normal distribution,
the vulnerability curve modified by the 3-sigma criterion is compared with the vulnerability
curve obtained by the cloud chart method. The maximum difference in damage probability
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is 33.2%; after the Box–Cox transformation, the maximum difference in damage probability
between the vulnerability curve obtained by the Box–Cox transformation and the vulnerability
curve obtained by the cloud image method is 30.29%. When ln(EDP) does not meet the normal
distribution, the vulnerability curve obtained by the cloud chart method deviates from the
actual situation more seriously, which will lead to an increase in error. After using the 3-sigma
criterion and Box–Cox transformation, ln(EDP) or ln(EDP)𝜆 satisfies the normal distribution,
the decision regression coefficient (𝑅2) is also improved, and the distribution of residuals is
closer to the normal distribution. After the 3-sigma criterion and Box–Cox transformation, there
is a difference between the vulnerability curves obtained by the two improved methods. The
maximum damage probability difference is 3.32%. This is because the starting points of the two
improved methods are different. However, compared with the error caused by the cloud image
method, the difference between the 3-sigma criterion and the Box–Cox transformation is small.

5. Conclusions

1. A seismic vulnerability analysis method combining the Box–Cox transform, 3-sigma
criterion, and Latin hypercube sampling is proposed, which solves the problem that the
three assumptions of the cloud map method are inconsistent with the reality, and the
effectiveness of its application to continuous beam bridge is verified by an example.

2. The Latin hypercube sampling technique is used to consider the uncertainty of structural
parameters so that the vulnerability results are more realistic. With the same accuracy,
Latin hypercube sampling can greatly reduce the number of samples required for
simulation and improve the computational efficiency.

3. The significance level and normality of the regression model after the Box–Cox
transformation and the 3-sigma criterion are improved, and the correlation between
independent variables and dependent variables is enhanced.

4. The use of the cloud method will lead to the distortion of the calculation results
of the structural vulnerability curve; the fragility curves obtained by the Box–Cox
transformation and the 3-sigma criterion are very close. The maximum difference in
the maximum damage probability is 3.32%. Compared with the cloud image method,
the maximum difference between the maximum damage probability after Box–Cox
transformation and the 3-sigma criterion is 33.2 %, and the calculation error is improved.
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